25 2025-10-22 | Week 09 | Lecture 25

The nexus question of this lecture: The matrixz we use to represent a linear transfor-
mation depends on a choice of bases. How does it change when whe choose different bases?

This lecture is based on section 5.3 in the textbook

25.1 Introduction to change of basis
The following theorem summarizes the main ideas from the previous lecture.

Theorem 114 (Change of Basis I). Let A and B be vector spaces. If T : A — B is a linear map, o =
{a1,...,an} is a basis of A, and B ={B1,...,Bm} s a basis of B, then we can represent T by the matriz

where T'(o;) = Aa; = a1;01 + agiffa + ... + @i for eachi=1,... n.
(Here, a1, ..., a, are vectors in A and (1, ..., By, are vectors in B.)

Example 115 (Example 1 in Section 5.3). Let T': R? — R3 be the linear transformation

x 5r + z
Tl|y| = |32+ 2y — 3z
z 5%

Let oo = {e1, €2, e3}, where

—_
o

Clearly « is a basis of R3.

(a) Question: Find the matrix of T" with respect to the standard basis «, that is, find [T]2.
Solution: Observe that

1 5
T(ey) =T |0| = |3]| =5e1 + 3es + 5es
0 5

Similarly,
0 1
T(ez) = |2| =0e1 + 2e3+0e3 and T(es) = |—3| = lex — 3ea + Oes
0 0
These becomes the columns of the matrix
5 0 1
Tls=1(3 2 -3
5 0 0
(b) Question: Let 3 = {f1, 32, 83}, where
1 1 1
pr= (1|, B2=|-1|, Bz=]1
2 1 1

This is a basis of R?. Find [T]g, the matrix of T' with respect to the basis .

7



(The point of this example is to show you how to find [T]g mechanistically; I'm not trying to illustrate
why this particular choice of basis B is good or meaningful—it’s not.)

Solution: The columns of [T]g are the vectors T'(81),T(52),T(3) expressed in terms of the vectors
in 8. By plugging (1, 82, 83 into T', we see that

7 6
T) = |-1|, T(B)=|-2|, T(Bs)=
5 5

(288 Ve

But in the above equations, the right hand sides are all expressed in terms of e1, es, e3. For example,

7
T(B1) = |—1| = Ter — e + bHes.
5

This is no good: we need to express them using in basis 8. Observe that

7 1 1 1 -2
e T(B) = |—1| =2 (1| +4 |-1|4+5|1| =26, +4B:+ 583 = | 4
5 2 1 1 51,
B1 B2 B3
Similarly,
[ 6] (1] [1] (17 -1
o T(Be)=|-2| =—-1|1|+4|-1|+3|1]| = | 4
5 2 1 1 31,
B1 B2 B3
(6 1 1 1 1
o« T(B3)= |2| =—1|1|+2|-1|+5|1]| =] 2
5 2 1 1 51,
B ~~
B1 B2 Bs
Therefore by Theorem 114
| | | -2 -1 -1
[T = | T(B1) T(B2) T(Bs) |=|4 4 2
| | | 5 3 5

This matrix represents the same linear transformation, T, but now we are using 3 as the basis for R3
rather than « as in part (a). For some linear transformations, the is a “best” basis to use (and often
it is not the standard basis!)

There is also a

(" The starred equalities above )
Note that the equalities marked with a (*) required solving a linear system. In the T'(57) case,
for example, we needed to solve the linear system

7 1 1 1
1| = C1 1 + Co —1 +c3 1 5
5 2 1 1
which has solution ¢y = —2, ¢ =4, ¢3 = 5.
\ J

End of Example 115. O
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25.2 The change of basis matrix

Suppose a = {a1,...,a,} and 8 = {f1,...,Bn} are bases for the same vector space V.
We can write the vectors of basis 3 in terms of the vectors of basis «:

B1 =punoar +pace + ...+ ppicy,
B2 = p120t1 + P22z + ... + Protiy,

6n = DP1n01 + P2n2 + ... + PpnQin.

where the p’s are all scalars. In other notation, we can write the above equations as

P11 P12 Pin

D21 P22 D2n
/81 = . ) 52 = : ) o /Bn = .

DPn1 DPn2 DPnn

(0% « [0}

Concatenating these column vectors, we obtain the matrix

P11 P12 - Pin

P21 P22 - P2n
P= . . .

Pnl  DPn2 o Pnn

This matrix is called the change of basis matrix from « to [3.
The following theorem is Corollary 5.13 in the textbook.

Theorem 116 (Change of basis I). If T :V — V is a linear transformation, « and B are bases of V', and
P is the change of basis matrixz from « to 3, then [T]g = P YT)2P.

Example 117 (Using a change of basis matrix). In Example 115, we had

0 1 -2 -1 -1
2 3| and [T)0=|4 4 2
0 0 5 3 5

One can compute the change of basis matrix P and its inverse P~! for a and 3. (For details, see Example
2 pages 260-261.) These are

11 1 -1 0 1
P=|1 -1 1| and P '=|1/2 —-1/2 0
2 1 1 3/2 1/2 -1

Thus we could solve part (b) using the formula in Theorem 116:

-1 0 17[s 0 17t 1 1
=112 -1/2 0| |3 2 -3/ |1 -1 1
3/2 12 1|50 o2 1 1
(—2 -1 -1
=4 4 2
5 3 5

This computation agrees with the answer for [T]g that we obtained in Example 115.
End of Example 117. [
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